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1. INTRODUCTION 
A (v, k, A) cyclic d@‘erence set is a collection D = (d, ,..., dk} of k distinct 
residues mod u such that for each y & 0 (mod u) the congruence 
di-djsy(modu) 
has exactly ,I solution pairs (di, di), di, dj E D. Difference sets have been 
studied extensively by many authors and their importance in mathematics is 
well established. 
Let u = mn be a positive integer, and let N = (0, m. 2m ,..., (n - 1) m}. In 
1963, Butson [2] generalized cyclic difference sets by considering differences 
relative to the subgroup N. An (m, n, k, ,I) relative difference set is a 
collection D = (d, ,..., dk} of k distinct residues mod U, such that: 
(i) for each y 6Z N, the congruence d, - dj E y (mod v), has exactly ,I 
solution pairs (di, dj), di, dj E D, and 
(ii) for each y E N, y f 0 (mod v) the congruence di - di = y (mod u) 
has no solution pairs (di, d,), d,, dj E D. 
In 1974, Lam [5] generalized cyclic difference sets by considering sums as 
opposed to differences. A (v, k, 1. g) cyclic addition set is a collection 
A = {a, ,..., ak) of k distinct residues mod u such that for each y f 0 mod u 
the congruence 
a, + gaj E y (mod u) 
has exactly ,I solution pairs (ai, aj), ai, aj E A. 
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In this work, using the addition sets of Lam and the relative difference sets 
of Butson, the concept of an (m, n, k, A, II’, g) relative addition set is defined. 
In Section 2, many of the properties of additions sets and relative difference 
sets are shown to hold for relative addition sets. In Section 3, several nonex- 
istence results for relative addition sets are given. In Section 4, several 
classes of examples of relative addition sets are given. In Section 5, addition 
sets, relative addition sets and their connections with block designs are 
studied. It is shown that the existence of addition sets and relative addition 
sets implies the existence of a partially balanced incomplete block design of 
a certain order. In Section 6, relative addition sets with g = -1 are studied. 
Each relative addition set with g = -1 is shown to imply the existence of a 
partially balanced design with two associate classes. Examples are given and 
several new classes of partial designs with two associate classes are found. 
2. CYCLIC RELATIVE ADDITION SETS 
Let N= (0, m, 2m ,..., (n - 1) m) mod v, where v = mn. An (m, n, k. 
1, A’, g) relative addition set is a collection A = {a, ,..., ak} mod mn such that: 
(i) for each residue y 65 N the congruence 
a, + gaj E y (mod v) 
has exactly I solution pairs (a,, aj), and 
(ii) for each residue y E N, y & 0 mod mn the congruence ai + ga,i = y 
(mod u) has exactly 1’ solution pairs (a;, aj). Define the parameter d so that 
d + A is the number of solution pairs (a,, aj) to the congruence a, + ga,i = 
0 mod mn. 
The following are several obvious example and constitute all relative 
addition sets with k = 0, 1, v - 1, v: 
(i) k=O,A=$; 
(ii) k = 1, A = {a}, where a( 1 + g) = 0 (mod v); 
(iii) k = 1, A = {a}, v even and a(1 + g) z v/2 (mod u); 
(iv) k=v,A=Z,.; 
(v) k=v-l,A={l,2 ,..., v-l},g=O; 
(vi) k=v- l,A=Z,.- {v/2}, ueven, g=O; 
(vii) k=v-l,A=Z,,-{a], where a(1 + g) = 0 (mod v) and 
(g,v)= 1; 
(viii) k = v - 1, A = Z,, - {a}, where a( 1 + g) = v/2 (mod v) and 
(g,v)= 1; 
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(ix) k=v- 1,A =Z,,- {v/2}, u-0 (mod4), g=v/2; 
(x) k= v - 1,A =Z,- {a}, where a(1 +g)=O (mod U) and 
(g,v)=r# 1. 
These relative addition sets are called trivial. A nontrivial relative addition 
set satisfies 1 <k<v-1. 
There are several simple equations and inequalities that the parameters of 
a relative addition set must satisfy. The proofs are simple and may be found 
in 171. 
PROPOSITION 2.1. The parameters of an (m, n, k, ,I. ,I’, g) relative 
addition set satisfy the following: 
(i) k* = d + Av + (2’ - n)(n - l), 
(ii) O<n<k, 
(iii) O<L’<k, 
(iv) O<d+,I<k, 
(v) -k<d+l-1’<k. 
Remark. The inequalities are not necessarily strict. See [7, Remark 2.61. 
A Hall polynomial for the relative addition set A = (a, ,..., ak) is the 
polynomial 
O(x) = 2 xai. 
i=l 
The connection between a relative addition set and its Hall polynomial is 
seen by the following proposition. The proof is obvious. 
PROPOSITION 2.2. A set A = {a, ,..., ak} is an (m, n, k, A, L’, g) relative 
addition set if and only if the Hall polynomial for A satisfies 
0(x) B(xg) z d + (,I’ - A) 7’,,,(x) + LT(x)(mod x” - l), (2.1) 
where T,(x) = Cr:; xim and T(x) = Cj’:d xi. 
Proposition 2.2 can be used to obtain a partial analogue of a well-known 
theorem for addition sets and relative difference sets. 
THEOREM 2.3. Let A be a nontrivial (m, n, k, J., A’, g) relative addition 
set. Suppose m is even and g is odd. Then k2 - Av is a square. 
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Proof Replacing x by -1, (2.1) becomes 
[0(-l)]‘=df(P-A)@- l)+n(o)=d+(A’-A)(n- 1) 
=k2-,Iv. 
The theorem follows since 0(-l) is an integer. 
Remark. The theorem is not true if g is even. For if A = (0, 1, 3,5 ,..,, 
2n - 1 } mod 2n, with n odd, n > 3 and g = 2, then A forms a relative 
addition set with k2 -Au = 1 - n*. See Section 4. 
A similar result can be obtained when n is even and m is odd. The proof 
may be found in 171. 
THEOREM 2.4. Let A be a nontrivial (m, n, k, I, A’, g) relative addition 
set which m odd and n even. Suppose the parameters of A do not satisfy (i) 
A’=0 and d+,I=k, or (ii) d+1=0 and 1’=k. Then d+1-l’ is a 
square. 
Remark. If A = (m ,..., (n - 1) m} and g = n, then d + A= 0 and A’ = k. 
Here d + 2 - 1’ = -k and is never a square. Every relative difference set 
satisfies d + 1= k and 1’ = 0. Butson [2] has shown, though, that 
d + 2 - 1’ = k is a square when m is odd and n is even. The authors do not 
know if there exists an example of a nontrivial relative addition set with 
1’ = 0 and d + i = k, that is not a relative difference set, and has 
d + A- A’ = k, a nonsquare. 
An integer t is called a multiplier of the relative addition set A if there 
exists an integer s such that 
tA=A+s 
where tA= {ta(aEA} modv and A+s= (a+sjaEAjmodv. The 
following theorem is a generalization of a result by Lam ]5] and gives in 
many cases the existence of multipliers for relative addition sets. The proofs 
of the theorem and the corollaries can be found in [ 7 ]. 
THEOREM 2.5. Let A be a nontrivial (m, n, k, ,I, /i’, g) relative addition 
set with (g, v) = 1. Suppose d + A # 1’ and k2 # Au. Let (h, v) = 1. Then A 
is also an (m, n, k, A, A’, h) relative addition set IT and on1.v if gh is a 
multiplier such that ghA = A. 
Remark. In the proof of the necessity, the condition (g, v) = 1 is not 
needed, and in the proof of the sufficiency, the conditions (h, v) = 1, 
d + A f A’, and k* f la are not needed. 
COROLLARY 2.6. Let A be a nontrivial (m, n, k, 2, A’, g) relative addition 
32 SUMNER AND BUTSON 
set with (g, v) = 1, d + d # 1’, and k2 f Lv. Then g2 is a multiplier such that 
A = g2A. 
COROLLARY 2.7. Let A be a nontrivial (m, n, k, ,I, A’, g) relative addition 
set with (g, v) = 1. Then A is also an (m, n, k, h, A’, - 1) relative addition set 
ifand only ifd=k-A. 
COROLLARY 2.8. Let A be a nontrivial (m, n, k, II, 0, g) relative addition 
set with (g, v) = 1. Then A is a relative dzfirence set if and only if 
d=k-l. 
3. NONEXISTENCE RESULTS 
This section gives nonexistence results other than Theorems 2.3 and 2.4. 
The first result is a generalization of a result of Lam (61 and restricts the 
possible values of the parameter. For the proof see [ 71. 
THEOREM 3.1. Let A be a nontrivial (m, n, k, ;I, A’, g) relative addition 
set with (g, v) = 1, d + I f ,I’, and k2 # Au. Then either 
(i) A is also an (m, n, k, II, J.‘, 1) relative addition set, or 
(ii) A is also an (m, n, k, A, A’, gf) relative addition set, where f is odd 
and the order of g* is 2’, for some r > 0. 
Remark. In view of Theorem 3.1, the parameter g may be assumed to 
have an order which is a power of 2 mod v. 
Lam 141 has shown that there exists no nontrivial (v, k, I, 1) addition set. 
The same may not be said for relative addition sets. In Section 4, it is shown 
that many nontrivial relative addition sets exist with mn even and g = 1. 
If mn is odd, however, the situation is different Clearly, if A = {m, 2m,..., 
(n - 1) m} or A = (0, m,..., (n- l)m), then A forms an (m,n, k,O,h’, 1) 
relative addition set with some I’. That these are the only relative addition 
sets with g = 1 and mn odd is shown in the following theorem, proved in [ 7 1: 
THEOREM 3.2. Let A be a nontrivial (m, n, k, A, A’, 1) relative addition 
set with mn odd. Then either A = {m, 2m ,..., (n - 1) m) or A = (0, m, 2m ,..., 
(n - l)m}. 
COROLLARY 3.3. There is no nontrivial (m, n, k, II, 0, 1) relative addition 
set with v = mn odd. 
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Let A be a nontrivial (m, n, k, 1, A’, g) relative addition set. Define a 
u x ~(0, I)-matrix A4 = (mi,), i, j = 0, I,..., v - 1 by 
mij = 1, if jEA+ig, 
= 0, if j@A+ig. 
It is clear that the matrix M is a g-circulant matrix. This means that each 
row of M is obtained from the preceding row by shifting the entries g 
columns to the right. Suppose g2 E 1 (mod u) and consider M*. It is easy to 
see by simple congruence arguments that the inner product of the ith row of 
M and jth column of M is 3, if and only if the congrence j - i = a, + ga, 
(mod v) has exactly 1 solution pairs (a,,, a,), a,,, a, E A. This implies that the 
matrix M* has its first row of he form 
(d+a a *.-a Ia’a a-. a 1 ..* (a’a *.I a), 
where each division contains m terms, and there are II such divisions. M is 
called the incidence matrix associated with A. Since M* is a g*-circulant 
matrix and g2 E 1 (mod v), the matrix M* is a I-circulant. Thus, the matrix 
M2 can be written as 
M2 = (d + d -A’) I,,, + W,,,,, + (1’ - I)(J, 0 Z,), 
where I,,,, is the identity matrix, J,,,,, is the matrix of all ones, and @ is the 
left Kronecker product. 
Using this matrix M, the following nonexistence result was proved in (7 J: 
THEOREM 3.4. Let A be a nontrivial (m, n, k, A, A’, g) relative addition 
set with A # 0 and g* = 1 (mod v). Suppose (1 - g, v) = r and r$ k. Then one 
of the expressions 
(i) d+1--A’, or 
(ii) k2 - ;Iv 
is the square of an integer. 
EXAMPLE. There does not exist a nontrivial relative addition set with 
parameters (3, 11, 8, 1,4, IO). Note that lo* E 1 (mod 33), A # 0, and 
(1 -g, v) = (-9, 33) = 3. Since 318, Theorem 3.4 implies that one of 
d+l-a’ or k2-ilv is a square. But d+I-I’=-2 and k2-Iv=31. 
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4. NONTRIVIAL EXAMPLES 
Throughout this section, the abbreviation ras means relative addition set. 
The proofs may be found in [7]. 
EXAMPLE 4.1. Let A = {0, 1, 3 - ,..., 2n 1) mod 2n. Let (g, 2n) = 1. Then 
A forms a ras with parameters (2, n, n + 1, 2, n, g). 
EXAMPLE 4.2. Let A = {O, 1, 3, 5 ,..., 2n - 1) mod 2n. Let n be odd and 
(g, 2~2) = 2. Then A forms a ras with parameters (2, n, rr + 1, n + 1, 1, g). 
EXAMPLE 4.3. Let A = { 0, 1, 2 ,..., m) mod(m’ + m). Let g = m. Then A 
forms a ras with parameters (m, m + 1, m + 1, 1, 2, m). 
- - 
EXAMPLE 4.4. Let x be any (6, k, A, g) addition set. Define 
A=(a,+r~(a,E~,OO~rp,pEZ,p>,2} modp6. Then A forms a ras 
with parameters (0, p, pk; p& p(d t /2), g). 
- - 
EXAMPLE 4.5. Let 2 be a (0, k, A, g) addition set with d = 0. Let A be as 
in Example 4.4. Then A forms an addition set with parameters (pV; pk; p/z, g). 
- - 
EXAMPLE 4.6, Let x be an (rii, f, k, 1.2, g) ras with d + /?= p. Define 
A as in Example 4.4. Then A forms a ras with parameters (ti. pri,pk; p,i. 
Pll’, g). 
EXAMPLE 4.7. Let V = 4q t 1 be a prime. Let B be the set of all nonzero 
quadratic residues mod 6. Define 
Then A forms a ras with parameters (4q + 1, p, 2pq,pq $ 1,O. g), where g is 
any quadratic nonresidue mod 5 with (p, g) = 1. 
EXAMPLE 4.8. Let B = (0, m, 2m ,..,, (n - 1) m } and let A = Z,. - B. 
Then A forms a ras with parameters (m, n, n(m - l), n(m - 2), n(m - l), g) 
with (g, v) = 1. 
EXAMPLE 4.9. Let A be as in Example 4.8. Define A=A U (0). Then 2 
forms a ras with parameters (m, n, n(m - 1) + 1, n(m - 2) + 2, n(m - I), g). 
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5. RELATIVE ADDITION SETS AND PBIBDs 
Let IPI = v. A partition of the two subsets of P is a collection 
A = {A 1 ,..., A,} of nonempty sets of unordered pairs of different elements 
from P such that for distinct x,y E P, there is precisely one Ai such that 
(x,y} E Ai. A partition A = (A, ,..., A,,} of the finite set P is called an 
association scheme on P if, given {x, y} E A,,, the number of z E P such that 
(x, z) E Ai and ( y, z) E Aj depends only on h, i, j E { 1,2 ,..., n}, and not on 
{x, y/ E A,,. This number is denoted by PF,j and the sets A, ,..., A,, are called 
associate classes. If {x, y} E Ai, then x and y are ith associates. It has been 
shown [I] that if x E P, then the number of ith associates of x depends only 
on i and not on x E P. This number is denoted by n, for i = 1,2,..., n. 
A (v, b, k, r) tactical configuration is a collection P of v objects arranged 
into b blocks or sets such that each block contains k distinct objects and 
each object is contained in r distinct blocks. 
A partially balanced incomplete block design (PBIBD) with n associate 
classes is a tactical configuration P together with an association scheme on P 
such that given ix, y} E Ai, the number of blocks of P containing (x, y} 
depends only on i E { 1, 2,..., n}, and not on the pair {x, y} E Ai. The number 
of blocks containing any pair (x, y) E Ai is denoted by li. 
A partial design is said to be symmetric if v = b and k = r. All designs 
considered here are symmetric. 
Let A = {a, ,..., ak} be a colection of k residues mod v. A is not assumed to 
be an addition set or relative addition set. Let M be the incidence matrix for 
the collection A. Then M = (m,), i, j = 0, l,..., u - 1, where 
mij = 1, if jE A + ig, 
= 0, if j 6C A + ig, 
and g E Z,. If (g, v) = 1 is assumed, then it is clear that the sets- 
{A + xglx = 0, l,..., u - 1) form the blocks of a (v, u, k, k) tactical 
configuration. Furthermore, by simple congruence arguments, it is easy to 
see that two residues i and j appear in 1 blocks if and only if the congruence 
i-j-a,-a,(modv) 
has exactly 1 solution pairs (a,, a,), a,, a,, E A. 
Define, for i = 1, 2 ,..., u - 1, 
Ai= ((x,y}(x,yEZ,andx-y= &i(modo)}. 
It is immediate that Ai = AL’-i, for i = 1, 2 ,..., v - 1. Thus, there are 
(v - 1)/2 distinct sets if v is odd, and v/2 distinct sets if v is even. Let 
1 ,< i < u - 1. Suppose i = aLI - a, (mod v) has Ai solution pairs (a,, a,) E A. 
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Then, clearly, the pair (x, y} E Ai if and only if the congruence x --y s 
a, - u,, (mod u) has exactly Ai solution pairs (a,, uJ, a,, a, EA. Thus, the 
number of blocks containing {x, JJ} E Ai depends only on i, not on the pair 
(x,y}EAi, and is equal to &, where ~i=~((a,,a,):a,-ua,ri(modu), 
a,, a, E A}(. Hence, the sets {A + igli = 0, l,..., u - 1 } form a PBIBD if the 
sets Ai, i= l,..., IE form an association scheme on Z,.. That this is so, is 
stated in the following theorem which is proved in ]7] and summarizes all 
that has been done in this section. 
THEOREM 5.1. The sets A , ,..., A,, form an associate scheme on the set 
Z,.. There are (v - 1)/2 associate classes if v is odd and v/2 associate 
classes if v is even. Zf A = {a, ,..., uk} is any set of k distinct residues mod v 
and (g, u) = 1, then the sets {A + gxlx = 0, l,..., v - 1} form the blocks of a 
PBIBD whose associate classes are the sets (Ai}. The PBIBD has parameters 
v, k, Ai, P:,~, and ni, for i, j, h = 1, 2 ,..., (v - 1)/2 if v is odd, and i, j, h = 
1, 2 ,..., v/2 if v is even, where 
(i) ~i=(((u,,a,):iru,-a,(modv),u,,u,EA)), 
(ii) p:.j = number of true statements among fi kj = h (mod v), 
if v is odd, or v is even, i, j # v/2. 
= number of true statements among i f j 3 h (mod v), 
if v is even, i = v/2, j Z v/2. 
= number qf true statements among ki + j = h (mod v), 
if v is even, i # v/2, j = v/2. 
=0 ifv is even, i=j=v/2. 
(iii) n, = 2, if v is odd, or v is even and i f v/2, 
= 1, if v is even and i = v/2. 
COROLLARY 5.2. Let A be a nontrivial (v, k, A, g) addition set with 
(g, v) = 1. The existence of A implies the existence of a PBIBD us described 
in Theorem 5.1. 
COROLLARY 5.3. Let A be a nontrivial (m, n, k, JI, A’, g) relative addition 
set with (g, v) = 1, v = mn. Then the existence of A impiies the existence of a 
PBIBD as described in Theorem 5.1. 
Of course, if the set A = {a,,..., ak} is a nontrivial addition set, then more 
can be said. Lam [ 51 has shown that the incidence matrix M for an addition 
set A satisfies 
M’=dZ+W 
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if and only if g* z 1 (mod v). In [7], the matrices MTM and A4MT were 
studied, where MT is the transpose of M. The following was proved: 
PROPOSITION 5.4. Let A = {a, ,.,., a,) be a collection of k distinct 
residues mod v, and let M be the incidence matrix for A with (g, v) = 1. 
Then MTM = (m,), where 
mij = k, i =j, 
= Ai-j, i#j, 
where i-j is computed mod v and Iiej = Jr-+j,. The matrix MMT = (mi,i). 
where 
mij = k, i=j, 
= Ag(i-j)Y i#j, 
where g(i - j) is computed mod v and igciejJ = Il,t,-Ci-j,,n. 
Thus, the product MTA4MMT could be computed in two ways. Actually, 
the following was proved in [7] independent of the condition g* - 1 (mod v): 
THEOREM 5.5. Let A be a nontrivial (v, k, A, g) addition set with 
(g, v) = 1. Let M be the incidence matrix for A. Then 
(MTM)(MMT) = d*Z + I(d + k2)J. 
From this theorem and by computing (MTM)(MMT) using Proposition 
5.4, the following was proved [7]: 
THEOREM 5.6. Let A be a nontrivial (v, k, A, g) addition set with v even 
and d # 0. Then the parameter d satisJies 
d= k-21, + 2A, -22, + ..a +(-I)“*-’ 2&,*_, + (-I)“‘*&,,, 
where 
Remark. Theorem 5.6 gives a new characterization of the parameter d 
and shows that the differences a, - a,, a,, a, E A play a part in the theory of 
addition sets. 
38 SUMNER AND BUTSON 
6. RELATIVE ADDITION SETS WITH g= - 1 
The relative addition sets in this section are all nontrivial (m, n, k, I., 
A’, -1) relative addition sets. Clearly, this is a generalization of the relative 
difference sets of Butson [ 51 in that the nonzero elements of N = (0, m,..., 
(n - 1) m) are allowed to be represented among the differences (ai - a!), 
ai, aj E A. 
Let A be an (m, n, k, A, A’, -1) relative addition set. The importance of 
relative addition sets with g = -1 is given by the following theorem proved 
in [7]: 
THEOREM 6.1. Let A be a nontrivial (m, n, k, A, A’, -1) relative addition 
set. Then the existence of A implies the existence of a PBIBD with two 
associate classes, and with parameters V, k, A, = A’, A, = A, Pf%i, ni, for 
i,j, h = 1, 2, where: 
0) v=mn 
(ii) p:,, =n-2, ~t,~=pf,~ =pi,, =O, pi,2=n(m- 1X Pf,2=p:.l = 
n - 1, and piq2 = n(m - 2). 
(iii) n, = n - 1 and n, = n(m - 1). 
The following examples were studied in [ 71: 
EXAMPLE 6.1. Let A = (0, 1, 3 ,..., 3(n - l)} mod 3n, n > 2. Then A 
forms a ras and there exists a PBIBD with parameters u = 3% k = n + 1, 
A,=n, and A= 1. 
EXAMPLE 6.2. Let A = {O, 1, 3, 5 - ,..., 2n 1 } mod 2n. Then A forms a ras 
and there exists a PBIBD with parameters u = 2n, k = n + 1, A, = n, A, = 2. 
EXAMPLE 6.3. Let B be the set of all nonzero quadratic residues mod 0, 
where V = 4t - 1 is a prime. Define A as in Example 4.7. Then A forms a ras 
and there exists a PBIBD with parameters v =p(4t - l), k =p(2t - 1) + 1, 
A, =p(2t - l), and k, =p(t - 1) + 1. 
Remark. Let U = 7 and p = 3 in Example 6.3. Then A = (0, 1, 2,4,8, 9, 
11, 15, 16, 18} mod 21 and there exists a PBIBD with parameters v = 21, 
k = 10, 1, = 9, 1, = 4. This partial design does not appear in [3] and 
appears to be new. 
EXAMPLE 6.4. Let A be the set of nonzero quadratic residues 
mod 2(4t + l), where 4t + 1 is prime. Then A forms a ras, and there exists a 
PBIBD with parameters v = 2(4t + l), k = 4t + 1, A, = 4t, A, = 2. 
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EXAMPLE 6.5. Let A = 2, - (m, 2m ,..., (n - 1) m}, where u = mn. Then 
A forms a ras, and there exists a PBIBD with parameters u = mn, 
k=n(m-l)+l,A,=n(m-l),and&=n(m-2)+2. 
The rest of the examples are all based on the differences sets of Whiteman 
181. 
EXAMPLE 6.6. Let p and p + 2 be primes. Let h be a common primitive 
root of p and p t 2. Define A = { 1, h, h* ,.,., Ad-‘), where d= (p’ - I)/2 is 
the order of h. Then A forms a ras, and there exists a PBIBD with 
paremeters r =p* + 2p, k = (p’ - 1)/2, 1, = (p - 3)(p + 1)/4, and A, = 
(P - v/4. 
EXAMPLE 6.7. Let p and p + 6 be primes. Let h be a common primitive 
root of p and p + 6. Define A = {0, 1, h, h2 ,..., hd-l}, where d= (p - 1) 
(p t 5)/2. Then A forms a ras, and there exists a PBIBD with parameters 
v =p* t 6p, k = [(p - l)(p t 5) t 2]/2, A, = (p - 3)(p t 5)/4, and 1, = 
(P + 3)(P - 1)/4. 
EXAMPLE 6.8. Let p be prime, p f 1 mod 3. Let h be a primitive root of 
p such that the powers of h mod 7 generate the quadratic residues of 7. 
Define A = 10, 1, h, hZ ,..., /rd-‘J, where d = 3(p - 1). Then A forms a ras, 
and there exists a PBIBD with parameters u = 7p, k = 3p - 2, R, = 3(p - 2), 
and A2 =p- 1. 
Remark. Let p = 3 in Example 6.8. Then h = 2 and A = (0, 1, 2,4,8, 11, 
16) implies the existence of a PBIBD with parameters u = 21, k = 7, 1, = 3, 
1, = 2. The parameters of this design do not appear in 13 1, and it is 
presumably new. 
EXAMPLE 6.9. Let p # 3 be a prime. Let h be a primitive root of p such 
that h z 1 (mod 3). Let A = { 1, h ,..., hd-‘, 0,3, 6 ,..., 3(p- I)}, where 
d = p - 1 is the order of h. Then A forms a ras, and there exists a PBIBD 
with parameters v = 3p, k = 2p - 1, i1 = 2(p - l), and A, =p - 1. 
EXAMPLE 6.10. Let q s 3 (mod 4) be a prime. Let h be such that the 
powers of h mod q generate the quadratic residues mod q, and such that 
h = 1 (mod 3). Let A = { 1, h ,..., hd-‘, 0, 3, 6 ,..., 3(q - l)j, where 
d = (q - I)/2 is the order of h. Then A forms a ras, and there exists a 
PBIBD with parameters u = 3q, k = (3s - 1)/2, II, = (5q - 3)/4, and II, = 
(9 - I)/24 
Remark. Ifq=7inExample6.10,thenh=4andA=(1,4,16,0,3,6, 
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9, 12, 15, 18), and there exists a PBIBD with parameters u = 21, k = 10, 
A, = 8, AZ = 3. The parameters of this design do not appear in [3 1, and it is 
presumably new. 
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